THE ^-NORM OF THE FOURIER TRANSFORM ON COMPACT 

VECTOR SPACES 



T. SANDERS 

Abstract. Suppose that G is a compact Abelian group. If A C G then how 
small can ||xa||a(G) be? In general there is no non-trivial lower bound. 

In |GK09l Green and Konyagin show that if G has sparse small subgroup 
structure and A has density a with a(l — a) S> 1 then |xa||a(G) does admit 
a non-trivial lower bound. 

In this paper we address the complementary case of groups with duals 
having rich small subgroup structure, specifically the case when G is a compact 
vector space over F2. The results themselves are rather technical to state but 
the following consequence captures their essence: If A C Fj is a set of density 
as close to ^ as possible then we show that ||xa||a(fj) 3> logn. 

We include a number of examples and conjectures which suggest that what 
we have shown is very far from a complete picture. 



1. Notation and introduction 

We use the Fourier transform on compact Abelian groups, the basics of which 
may be found in Chapter 1 of Rudin [Rud90]; we take a moment to standardize 
our notation. 

Suppose that G is a compact Abelian group. Write G for the dual group, that 
is the discrete Abelian group of continuous homomorphisms 7 : G — > S , where 
S 1 := {z e C : \z\ = 1}. Although the natural group operation on G corresponds 
to pointwise multiplication of characters we shall denote it by '+' in alignment 
with contemporary work. G may be endowed with Haar measure [Iq normalised 
so that /zg(G) = 1 and as a consequence we may define the Fourier transform 
?: L X {G) -> e°°(G) which takes / e L X (G) to 

JxeG 

We write 

A(G) := {/ G L\G) : \\J\\i < oo}, 

and define a norm on A(G) by ||/||a(g) := 11/11 1- 

The following proposition is easy to prove and has been known at least since the 
1960s. 

Proposition 1.1. Suppose that G is a compact vector space over ¥2 and A C G 
has density (i.e. measure with respect to the probability measure \iq) 1/3. Then 
XA^A(G). 

This proposition only has content for infinite G; in this paper we prove the 
following quantitative version which has content for finite G too. 
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Theorem 1.2. Suppose that G is a compact vector space over ¥2 and A C G has 
density a with \a — 1/3| < e. Then 

IIxaIU(G) > log log e" 1 . 

In view of Proposition ! 1 . 1 1 one could restrict attention in Theorem ll.2l to the case 
when G is finite rendering the compactness requirement irrelevant. 

There is a simple construction, the details of which are given in of a set A 
satisfying the hypotheses of the theorem with ||xa||a(g) ^ loge -1 ; we conjecture 
that this construction represents the true state of affairs viz. 

Conjecture 1.3. Suppose that G is a compact vector space over ¥2 and A C G 
has density a with \a — 1 / 3 1 < e. Then 

\\xa\\a(g) > loge -1 . 

The paper splits into five further sections. Although the result of the introduc- 
tion captures the spirit of this work, in Sj2] we explain our results in a more general 
and natural context. $3]then provides some examples which complement our re- 
sults and are worth bearing in mind when following the proof. SJH is the central 
iterative argument; in this section we essentially prove a result with the conclusion 
of Theorem 11.21 but with a more cumbersome hypothesis on A. Sj5] then provides 
some physical space estimates to show that sets of density close to 1 /3 satisfy this 
hypothesis. The final section, combines the work of the previous two sections 
to prove a result which implies the main result of the paper and discusses the 
limitations of our methods. 

2. The problem in context 

Proposition 11.11 is, in fact, a special case of the following equally simple but 
more natural result essentially due to Cohen }Coh6 : a proof and more detailed 
discussion is contained in SanlKij. 

Proposition 2.1. Suppose that G is a compact Abelian group. Suppose that A C G 
has density a and for all finite V < G we have {a\V\}(l — {a\V\}) > where {a\V\} 
denotes the fractional part of a\V\. Then \A ^ A(G). 

We are interested in quantitative versions of this proposition. Specifically we ask 
the following question. 

Question 2.2. Suppose that G is a compact Abelian group. Suppose that A C G has 
density a and for all finite V < G with \V\ < M we have {a\V\}{l — {at\V\}) 1. 
Then how small can \\xa\\a(G) be in terms of M? 

Green and Konyagin made progress on this question in GK09j where they ad- 
dressed the case when G has sparse small subgroup structure. They proved the 
following result. 

Theorem 2.3. Suppose that G is a compact Abelian group and the only subgroup 
V < G with \V\ < M is the trivial group. Suppose that A C G has density a and 
for all finite V < G with \V\ < M we have {a\V\}(l - {a\V\}) > 1. Then 



\\Xa\\a(G) > 



logM 
log log M 
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The density condition here collapses to a(l — a) 3> 1 but we retain the more 
complex form for illustrative purposes. In this paper we address the complemen- 
tary case when G has very rich small subgroup structure, specifically when G is a 
compact vector space over F2. We prove the following result. 

Theorem 2.4. Suppose that G is a compact vector space over F 2 . Suppose that 
A C G has density a and for all finite V < G with \V\ < M we have {a|V|}(l — 
{a\V\}) > 1. Then 

\\xa\\a(g) > log log M. 

The ideas of this paper and |GK09j can be combined to address the original 
question more fully. In San06 we show the following result. 

Theorem 2.5. Suppose that G is a compact Abelian group. Suppose that A C G has 
density a and for all finite V < G with \V\ < M we have {a\V\}(l — {a|V|}) ^> 1. 
Then 

\\xa\\a(g) > log log log M. 

The examples of <J2 show that the bound in Theorem 12.41 cannot be better than 
a constant multiple of log M, and there are easy examples mentioned by Green and 
Konyagin in [GK09] to show that the bound in Theorem 12 . 31 cannot be better than 
a constant multiple of logM. In the absence of any better examples we make the 
following conjecture. 

Conjecture 2.6. Suppose that G is a compact Abelian group. Suppose that A C G 
has density a and for all finite V < G with \V\ < M we have {a\V\}(l — {a\V\}) 3> 
1 . Then 

\\xa\\a(g) > logM. 

The various statements in the introduction follow easily from those of this section 
once one recalls that if G is a compact vector space over F2 and V < G is finite 
then \V\ is a power of 2. 

3. Sets with small A(G)-norm 

Throughout this section G is a compact vector space over F 2 . 

We address the question of how to construct subsets of G of a prescribed density 
whose characteristic function has small A(G)-norm. This complements the main 
results of the paper. 

Cosets are the simplest example of sets whose characteristic function has small 
A(G)-norm: Recall that if V < G then we write V 1 - for the annihilator of V i.e. 

V x := {x G G : 7(2:) = 1 for all 7 G V}. 

If V < G is finite and A = x + V 1 - then a simple calculation gives 

^(aOlVl -1 if 7 eV 
otherwise. 



£4(7) 



It follows that ||xa|U(G) = 1- A coset has density 2~ d for some integer d; to produce 
a set with a density not of this form we take unions of cosets. 

Suppose that we are given a G [0, 1] a terminating binary number. Write 
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where the di are strictly increasing. If we can find a sequence of disjoint cosets 
Ai, Ak such that fia{Ai) — 2~ di , then their union A := (Jj=i A* has 



k k 



(3-1) \\xa\\a(g) = II 2_^Xa % \\a(g) < IIXA t |U(G) = k 

=1 




by the triangle inequality, and density 

fc k 

f, G (A) = Y,VG(A) = j2 2 ~ d ' = a 

i=l i=l 

since the elements of the union are disjoint. To produce such cosets we take {Og} = 
Ao < Ai < ... < Ak < G a nested sequence of subspaces with dim A^ = di. Choose 
a sequence of vectors : 1 < i < fc} such that 7, € Aj \ A^_i for 1 < i < fc. It 
is easy to see that this sequence must be linearly independent so we may take a 
sequence {xi : 1 < i < k — 1} such that 

(3.2) j^xt) -- 

for all 1 < i < k - 1. Put 

Ai =£1 + ... + x i - 1 +Af-. 

First we note that fXo{Ai) = 2~ di and second that the sets Ai are pairwise disjoint: 
Suppose j > i and x £ Aj then x = x± + ... + Xj^i + x' where x' g Aj- so that 

i < j so Ai < Aj from which it follows that 7^(2;') = 1. Consequently ji(x) = 
"fi(xi) = — 1 by (|3.2[) . However if x £ Ai then by a similar calculation ji(x) = 1. 

It follows that j4i, A/, are disjoint cosets of the appropriate size and hence 
their union, A := U»=i ^ nas density a and ||xa||a(G) < 

The first density we apply this general construction to is 

1 1 1 

The set A we produce has density a and the following two properties. 

(1) A satisfies the hypotheses of Theorem El with M = 4 fe - 1: If V < G and 
|V| < M then \V\ = 2 d for some d < fc and 

h t 2 d .4 _i = {a2 d } > - \> 

i=[_d/2\ + l 

and hence {a|V|}(l - {a|V|}) > 1/12. 

( 2 ) IIxaIU(G) X k - \\xa\\a(g) < k follows by construction; ||xa||a(g) > fc is 
slightly more involved: 



xaAi) 



4r l 1 {x 1 )... 1 {x^ 1 ) if7GA 4 
otherwise. 
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Hence we can bound \xa\ from below using the linearity of the Fourier 
transform. 

k 

\xl(l)\ > 4- 1 - ^ ^ \ A ~* if 7 e A, \ A^, 

and so 

\\XA\\A (G) > £ §4-*.|A. \ A.-rl > £ §4-*.|4* = 

i=l z=l 

The conclusion of Theorem l2.4l is that ||xa||a(G) ^> logfc which should be compared 
with the fact that actually ||xa|| A(G) x k. 

4. An iteration argument in Fourier space 

Throughout this section G is a compact vector space over F 2 and A C G has 
density a. 

4.1. A trivial lower bound. Suppose that a > 0. It is natural to try to bound 
IIxa||a(g) by a combination of Holder's inequality and Plancherel's theorem: 

(4-1) ||xa|U(g)IIxa||oo > HxaIIs = IIXAllal 

non- negativity of xa means that x~A(0g) = ||xa||i so 

(4.2) HxaIIi > IIxaIIoc > xKOg) = IIxaIIi IIxaIIoo = IIxaIIl 

Xa =Xa so IIXaIII = IIxaIIi — a, which is positive, and hence (|4.ip tells us that 
(4-3) WxaWmg) > I- 

Taking A = G shows that we can do no better than this, so for ||xa||a(G) to be large 
we require some sort of (further) restriction on what A may be. The restriction 
we take evolves out of modifying the idea above so that it becomes a step in an 
iteration. 

4.2. A weak iteration lemma. A weakness in the above deduction is that we 
have no good upper bound for ||xa||oo- In iac t, as we saw, ||x~a||oo is necessarily 
large because xa is large at the trivial character, however we know nothing about 
how large xa is at any other character, a fact which we shall now exploit. 

Write / for the balanced function of xa he. / = xa — ol. Then 



/(7) 




if 7 = g 
otherwise. 



Applying Holder's inequality and Plancherel's theorem in the same way as before 
we have 



.2 



a 



(4-4) || XA || A(G) II /II oo > (xaJ) = (XA,f) =a- 

Now, fk e > to be optimized later. If a is bounded away from and 1 by 
an absolute constant then either ||xa||a(g) ^ e ± or ll/lloo 3> £• In the former 
case we are done (since ||xa||a(G) is large) and in the latter we have a non-trivial 
character at which xa is large; we should like to start building up a collection of 
such characters. 

Suppose that T C G is a collection of characters on which we know x~A has large 
i^-mass. We want to produce a superset T' of T by adding some more characters 
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which support a significant ^-mass of xa- To find characters outside T on which 
XA has large ^-mass we might replace / with a function fr (in analogy with the 
earlier replacement of \A by /) defined by inversion: 



(4-5) /r( 7 ) 




if 7G r 
otherwise. 



The problem with this is that for general T we can say very little about fr- If 
V < G, however, then fy has a particularly simple form: 

fv = £ £4(7)(1 - Mv^Wh = Xa * (S - Hv±) =Xa-Xa *Mv^ a -e. 

Now suppose that T = V < G. We want to try to add characters to V to get a 
superspace V < G with 

£ I £a M I significantly larger than £ IxaMI- 

7€V 7GV 



We can use the idea in (14. 4|) to do this; replace / by /y in that argument: 
(4-6) IIxa|U(g)II/v||oo > (x~A,fv) = (xaJv)- 

Before, an easy calculation gave us (xA,f) = ct(l — a). To compute (xa, fv) we 
have a slightly more involved calculation. 

Lemma 4.3. 

(4-7) \\fv\\i=2( X A,fv). 

Proof. fj, v ± is a probability measure so < xa * ^1(1) < 1, hence fyix) < for 
almost all a; ^ A and fy(x) > for almost all x € A; consequently 



\\fv\\i= J XAfvdfi G + J (1 -XA)(-fv)dfiG = %(XA,fv) ~ J fvd^c- 
But J fyd[iQ = since J XAd^c — J XA * ^v^d^ia, so we are done. □ 

It follows that 
(4-8) \\xa\\a {G )\\7v\\oo > 



So either ||xa|U(g) > e 1 or there is a character 7 such that |/y(7)| > e||/y||i/2. 
By construction of fy we have fv{l') = if 7' € V so that 7 ^ V - 7 is a genuinely 
new character. We let V be the space generated by 7 and V and have our first 
iteration lemma: 

Lemma 4.4. (Weak iteration lemma) Suppose that G is a compact vector space 
over ¥2, that V < G is finite and A C G. Suppose that e € (0,1]. Then either 
\\Xa\\a(G) ^ 6 or there is a superspace V 1 ofV with dimV' = dimV + 1 and for 
which 



4fv\ 
2 

Iterating this lemma leads to the following proposition 



£ 10(7)1 >^p + £ |XA(7)I- 

76V -yev 
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Proposition 4.5. Suppose that G is a compact vector space over ¥2 and A C G is 
such that for all V < G with \V\ < M we have ||/v||i 3> 1. Then 

WxaWa(g) > \/logM. 

We omit the proof (it is not difficult and all the ideas are contained in the 
proof of Proposition I4.9j) since the hypotheses the proposition assumes on A are 
prohibitively strong; nevertheless we can make use of these ideas. 

4.6. A stronger iteration lemma. The main weakness of the above approach is 
that each time we apply the weak iteration lemma to find characters supporting 
more ^-mass of xa (assuming we are not in the case when ||xa||a(G) is automati- 
cally large) we do not find very much € 1 -mass, in fact we find mass in proportion to 
|| fv ||i which consequently has to be assumed large. We can improve this by adding 
to V not just one character at which fy is large but all such characters. This idea 
wouldn't work but for two essential facts. 

(1) There are a lot of characters at which fy is large, in that the characters at 
which fy is large actually support a large amount of the sum (x~A, fy). 

(2) There is a result due to Chang which implies that the characters at which 
fv is large are contained in a space of relatively small dimension. 

We record Chang's result, [Ch a02j . now. (In fact we record something slightly 
different from Chang's result. For more details see the appendix.) 

Theorem 4.7. (Chang's theorem) Suppose that G is a compact vector space over 
IF2 , / G L 2 (G) and e G (0,1]. Then there is a subspace W of G such that {7 : 
1/(7)1 > e|| /||i} C W and 

dim^< e e- 2 max{log(||/|| 2 - 2 ||/||r 2 ),l}. 

We are in a position to show: 

Lemma 4.8. (Iteration lemma) Suppose that G is a compact vector space over ¥2, 
that V < G is finite, A C G has ||/y||i > and \A G A(G). Then there is a 
non-negative integer s and a superspace V of V such that 

E 1^(7)1 -£l£i(7)l» 

and 

dimV' - dimV < 4 s log \\fv\li 1 - 
Proof. By Plancherel's theorem we have 

£xa(7)/v(7) = (xaJv) = jjll/vlli, 

7£G 

where the second equality is Lemma 14.31 To make use of this we apply the triangle 
inequality to the left hand side and get the driving inequality of the lemma 

(4-9) i||/y||i<El^(7)HiV(7)l- 

■yea 
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Write C for the set of characters at which fy is non-zero. Partition £ by a 
dyadic decomposition of the range of values of \fv\- Specifically, for each non- 
negative integer s, let 

T s := { 7 e G : 2~'\\fvh > \fy( 7 )\ > 

For all characters 7 we have | /v (t) I < II fv 111 an d if 7 G C then |/y(7)l > so 
certainly the r s s cover £; they are clearly disjoint and hence form a partition of C 
Write L s for the £ 1 -norm of xa supported on T s : 

L s := £ 1^(7)1- 

7er s 

The right hand side of (|4.9[) can now be rewritten using these definitions: 
E \XA(i)\\fv(i)\ = E Ixa(7)II/v(7)I b y the definition of C 

00 

= Y E Ixa(7)II/v(7)I since {r s } s >o is a partition of C, 

s =o 7er a 
00 

^ EE IB(7)l-2^ s ||/v||i by the definition of T s , 

s=0 7er s 

00 

= L s 2~ s \\fv ||i by the definition of L s . 

s=0 

Combining this with (|4.9[) and dividing by || fy || 1 (which is possible since || fy || 1 > 0) 
we get 

1 00 

(4.10) -<^2- s L s . 

Now, if for every non-negative integer s we have 

1 " 



L s < , 
6 V •-! 

then 

£^<£-KS)'-i£(i)'4 

s=0 s=0 v 7 s=0 v 7 

which contradicts (14. 10[) . Hence there is a non- negative integer s such that 

L„> - [- 
6 V3 

Chang's theorem gives a space for which 

r s C {7 G G : |iV( 7 )| > 2-( s+1 )||/ v || 1 } C W 

and 

dimW 7 <4e2 2s max{log(||/y \\ 2 2 \\fv\\i 2 ), !}■ 

To tidy this up we note that fy — xa—Xa*Hv ± a - c - an d Xa(%)> Xa*Hv± (x) G [0,1], 
so /y(.x) G [—1, 1] for a.c. x € G and hence H/VII2 < 1, from which it follows that 

dim^«4 s log||/y||r 1 . 
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Let V be the space generated by V and W. Then 

dimV' - A\mV < 4 s log ||jy|| f x . 

Finally we note that T S C\V — % since jV(7) = if 7 € V (recall fv from (|4~5jl ) 
and |/y( 7 )| > 2 s+1 ||/ y || 1 > if 7 e T s . Hence 

E \xaW\ ^ E i^wi + E i&wi > | (fY + E i^wi- 

76V 76r s 7£V ^ ' 7EV 

This gives the result. □ 
By iterating this lemma we prove the following result. 

Proposition 4.9. Suppose that G is a compact vector space over ¥2 and A C G is 
such that for all V < G with \V\ < M we have log H/vHIf 1 < log \V\. Then 

||xa|U(G) > log log M. 

Proof. Fix e G (0, 1] to be optimized later. We construct a sequence Vo < V% < 
... < G iteratively, writing di := dimVi and 

Li = E 

7£Vi 

We start the construction by letting Vq ■= {0g}. Suppose that we are given If 
\Vk\ < Af then apply the iteration lemma to Vk and A to get an integer Sk+i and 
vector space Vk+i with 

(4.11) 4+1 - d k « 4 S *+ 1 logH/yJIr 1 and L,. +1 - L k » f - 

First we note that the iteration terminates since certainly Lk 3> k, but also Lk < 

||Xa|U(g) < 00. 

Since log H/yJ^ 1 < log \V k \ < <4 it follows from (|4TTTj) that 

(4.12) rf fc +i «4 Sfc +M fc , 
from which, in turn, we get 

(4.13) L k » E (t) ' » E 31 » lo § dfe - 

Let if be the stage of the iteration at which it terminates i.e. \Vk\ > M. We 
have two possibilities. 

(1) d K -i = log 2 \V K -i\ < Vlog M : in which case d K > \/\ogM.d K -i- (I4T2)) 
then tells us that A SK ^> v / TogM. However the first inequality in (|4.13|) tells 
us that HxaIU(g) >^» (4/3) 5k and s o certa inly ||Xa||a(G) > log log M. 

(2) Alternatively dx-i = log 2 |Vr--i| > \f\ogM: in which case by (|4.13[) 
we have Lk-i ~> logdx-i >• log log M and so certainly ||xa||a(g) ^ 
log log M. 

In either case the proof is complete. □ 
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5. Physical space estimates 



To realize the hypothesis of Proposition 14.91 regarding fv as a density condition 
we have the following lemma: 

Lemma 5.1. Suppose that G is a compact vector space over ¥2, that V < G is 
finite and A C G has density a. Then 

||/y||i>2|T/r 1 {«|^|}(l-H^|}). 
We need the following technical lemma: 
Lemma 5.2. Let Si, S m £ [0, 1] and put 7 = {X)i=i Then 

m 

(5.1) $>-<5 2 > 7 (l-7)- 

i=l 

Proof. We may assume that < 7 < 1. Suppose that we have i 7^ j such that 
< 8i, Sj < 1. Put S = S i + Sj < 2 and we have two cases: 

(1) 5 < 1: In this case we may replace Si and Sj by S and 0. This preserves 7 
and since 

Si - Sf + 8 3 - S? > (Si + Sj) - (Si + Sjf + - 2 , 



it does not increase the sum in (15. 1[) . 
(2) 2 > S > 1: In this case we may replace Si and Sj by 1 and S — 1. This 
preserves 7 and since 

(Si - l)(Sj - 1) > 

=> >-2SiSj + 2(Si + Sj)-2 

Si-Sf + Sj-5? >^-<5 2 + <5 J -(5 J 2 -2(5 l (5 J + 2((5 l + ^)-2 

=>• Si-Sf + Sj-S? >(Si + Sj-l)-(Si + Sj-l) 2 + l-l 2 , 

it does not increase the sum in (I5.1[) . 

In both cases we can reduce the number of is for which < Si < 1 without increasing 
the sum in (|5.1[) . so we may assume that there is only one j such that < Sj < 1. 
Then 

m m 

^+X> = 7+lI>J^;-7=L^J-$>», 

but the right hand side is an integer and —1 < Sj — 7 < 1 so <5j =7 and (|5.1|) 
follows. □ 

of Lemma \h.\\ Lemma T4.3I states that ||/y||i = 2(xa,/v) so 

ll/vlli = 2 y xa(xa - Xa * fiv^dfic 

/ Xa(X4 -Xa * fi v ^)dtJ, x+ v^d[i G {x). 
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(This is just conditional expectation.) xa * Mv 1 is constant on cosets of V 1 - and 
Xa = XA so that 

II /y 111 = 2 / / XAdfJ. x+v ±{l - xa * fJ- v ±(x))dfj, G (x) 

Jx£G J 



= 2/ XA*fJ-v±( x )( 1 -XA* fJ, v ±(x))dfj, G (x). 
JxeG 

There are |V| cosets of V in G, and xa * fiyi is constant on cosets of V 1 - so 
this integral is really a finite sum with |V| terms in it. Let C be a set of coset 
representatives for V in G then \C\ = \ V\ and 

2 

ll/vlli = |7?| X/ Xa * Mv 1 ~ Xa * fi v x(x')). 
We can now apply Lemma 15.21 to the xa * /Ltyj-(a;')s with m = \C\. This gives 
||/y||i>||/3(l-^) = ^/3(l-/3) 



where 



| XI XA + My-^oj = 1 1 



>JA*^M} = ^|C| / XA*/iy-(^G(a:)^ ={|V|a}. 



□ 



Nothing better than Lemma [5TT1 can be true: Let A be the union of [a\ V\\ cosets 
of V and a subset of a coset of V- 1 of relative density {a|V|}. Equality is attained 
in Lemma 1 5. II for this set. 



6. The result, remarks and examples 

As an easy corollary of Proposition 14. 91 and Lemma T5. II we have: 

Theorem 6.1. Suppose that G is a compact vector space over ¥2- Suppose that 
Ac G has density a and for allV <G with \V\ < M we have {a|V|}(l-{or|V|}) > 
I VI- 1 . Then 

IIxaIU(G) > log log M. 
Theorem 12.41 is simply a weaker version of this result. 

If we were interested we could read the explicit dependencies between the implied 
constants in Theorem 16.11 out of the proof. Since the only real importance of this 
result is in its corollary, Theorem 12.41 where even the M dependence is almost 
certainly not best possible, this is probably of little interest. 

There are clear similarities between the methods of this paper and those em- 
ployed by Green and Konyagin in [GK09] , however the most striking ones seem to 
be between this work and the work of Bourgain in |Bou02j . In particular a slight 
variation on the calculation in Lemma 14.31 is in his work and he proves a result us- 
ing Beckner's inequality (which is essentially equivalent to Chang's theorem) which 
shows that if A C F?? has density a with a(l — a) 3> 1 then cither xa is large 
at a non-trivial character or there is significant £ 2 -mass in the tail of the Fourier 
transform. 
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Our reason for stating Theorem 16.11 at all is that it is sharp up to the constant 
and hence demonstrates a limitation of our method. If we let 

1 1 1 



a = 



jfc-i > 



2 2 ° 2 21 "' 2 2fc ~ 
then we showed in Sj3]that there is a set A of density a with ||xa||a(g) ^ However 
A also satisfies the hypotheses of Theorem 16.11 with M — 2 2 — 1 : If V < G has 
\V\ < M then |V| = 2 d for some d < 2* _1 , 

Hl/|}= J] 2f2" 2m < 2 2_2 '"" 

min{0,log 2 t/ } < m < A' — 1 min{0,log 2 d } < m < fc — 1 



oo _ 

y 2- 2m < 1, 



< 

m=0 

and 

{<*\V\}= 2 d .2- 2m >2 d .2- 2ll ° &2di+1 >2- d = \V\-\ 

min{0,log 2 d}<m<k— 1 

Hence 

{a|y|}(i-{a|y|})>|y|- 1 . 

Theorem 16. II then tells us that ||xa|U(g) ^ 
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Appendix A. Chang's theorem in compact vector spaces over F 2 

Green was the first to observe that the original proof of Chang's theorem in 
|Cha02] can easily be adapted to prove a result not just about characteristic func- 
tions of sets, but about arbitrary elements of L 2 (G). It is this result which we 
recorded as Chang's theorem ( Theorem I4.T|) above. We take the opportunity to 
provide a proof of this using Beckner's inequality which as Green has noted in 
}Gre02j . can be used in place of Rudin's inequality when we are in the setting of 
compact vector spaces over F2. 

Suppose that G is a compact vector space over F2. If A is a finite set of characters 
on G and 77 G [—1,1] then we can define the Riesz product 

Pn ■= II ( 1 + 7 ? A )- 

Every term in this product is real and non- negative since r\ € [— 1, 1], so is real 
and non-negative. 

Now suppose that A is linearly independent. Thenp^(Og) = 1 and hence Hp^Hi = 
p^(Og) = 1 by non-negativity of p^. It follows by Young's inequality that we can 
define the operator 

T n : L 2 {G) -> L 2 (G) 
f >-> f*P v , 
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and moreover ||T^/||2 < ||/||2||Pt/||i = ||/||2- In fact there is a stronger inequality. 

Theorem A.l. (Beckner's inequality) Suppose that G is a compact vector space 
over ¥2 and A is a finite linearly independent set of characters on G. Suppose that 
r\ £ [—1,1]. Then the operator T n defined above has ||T^/||2 < II/IIi+jj 2 - 

Having stated Beckner's inequality we are in a position to proceed with the 
proof of Chang's theorem. Chang noted the following simple fact regarding linearly 
independent sets. 

Lemma A. 2. Suppose that V is a vector space, V is a subset of V and A is a 
maximal linearly independent subset of T. Then T is contained in the subspace 
generated by A. 

Theorem 14.71 now follows from this and the following result. 

Proposition A. 3. Suppose that G is a compact vector space over ¥2, f G L' 2 (G) 
and e <E (0, 1]. Suppose that A is a linearly independent subset ofT := {7 : 1/(7)1 > 
e||/||i}. Then 

|A|<ee- 2 max{log(||/||- 2 ||/||r 2 ),l} 

Proof. It certainly suffices to prove the result for A finite. In this case the operator 
T^ is defined and we can apply Beckner's inequality. 

E i^ A )i 2 ^ E i^vwi 2 = 11^/11= ^ ii/W- 

The equality in the middle is by Parseval's theorem. Since A C T it follows that 

MI/l|i) 2 |A|<Ek/WI 2 <ll/lliw- 

aga 

After some manipulation and using the log-convexity of ||.|| p we get 

|A|<,-v 2 n/iir 2 ii/iiw<^V 2 (^|)" • 

Finally we optimize by putting ry -2 = max{log(||/||2||/||^ 2 ), 1} to get the result. □ 
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